is an arithmetic group in a reductive algebraic group, namely the Zariski closure of SL 1 (Q[G]). In particular, the isomorphism type of the Q-algebra Q[G] determines the commensurability class of U (Z[G]); we show that, to a large extent, the converse is true. In fact, subject to a certain restriction on the Q-representations of G the converse is exactly true.
We begin by giving a structure theorem for the commensurability class of a unit group U (Z[G]); say that an infinite group G is reducible when it is commensurable to a direct product G ∼ H 1 × H 2 where H 1 , H 2 are infinite groups; otherwise, G is irreducible. It is straightforward to see that a finitely generated infinite group G is irreducible if and only if it contains no subgroup of finite index which is isomorphic to a direct product of infinite groups.
A group Λ is said to be an L-product when it is a direct product of the form
where Λ ab is a free abelian group of finite rank (possibly zero), and Λ 1 , . . . , Λ n are irreducible groups of finite cohomological dimension with the property that every subgroup of finite index has trivial centre. To cope with the degenerate cases which arise in the context of unit groups of group rings, (for example U (Z[Q 8 ])) we allow for the possibility that n = 0. The following structural result is almost certainly known, but does not appear to have been stated in the literature in this form:
Theorem III. Let G be a finite group; then U (Z [G] ) is commensurable with an L-product whose irreducible factors are duality groups in the sense of [3] .
In fact, we will describe an L-product representative for the commensurability class U (Z[G]) directly from the rational Wedderburn decomposition of Q[G].
One should emphasise that the crux of Theorem I is Mostow's Rigidity Theorem [14] . However, in addition, our results are heavily dependent on the classical theory of lattices in Lie groups, and in particular, on the work of Borel [4] , [5] , [6] and Borel-Harish Chandra [7] . An excellent and convenient recent reference for this material is the text of Platonov and Rapinchuk [16] .
The plan of the paper is as follows: in §1 we prove a uniqueness theorem for Lproduct structures. Theorem III is proved in §2. In §3, we show how the theorem of Albert [1] , [19] places restrictions on the possible irreducible components of U (Z[G]) when G is finite. The rigidity result, Theorem I, is proved in §4. Finally, in §5 we give a calculation which relates the unit groups of generalised quaternion groups to those of dihedral groups and show that the converse to Theorem I is false. We wish to thank the referee for some helpful remarks, and in particular, for pointing out an oversight in the original formulation of (4.1).
A uniqueness theorem for product structures
It is a consequence of the Borel Density Theorem [4] that a lattice in a connected linear semisimple Lie group admits, up to commensurability, an essentially unique decomposition into a product of irreducible semisimple lattices ( [17] , p.86). Here we give a generalisation of this fact under somewhat weaker hypotheses, allowing, in particular, for abelian factors.
If C is a class of groups, we say that a group G admits a C-product structure when it is the internal direct product, written
Let L s (the suffix connotes 'semisimple') denote the class of finitely generated infinite groups of finite cohomological dimension with the property that every subgroup of finite index has trivial centre, and let L 0 denote the subclass of L s consisting of irreducible groups. An easy argument on Borel's Density Theorem shows that any torsion free lattice in a linear semisimple Lie group belongs to L s ; it is also true, though not essential for our argument, that an infinite group G belongs to L s if and only if it is commensurable to a group possessing an L 0 -product structure.
Let L = L 0 ∪ {free abelian groups of finite rank}. By collecting together abelian factors, we observe that a group G has an L-product structure precisely
ab where Λ ab is free abelian of finite rank, and Λ i ∈ L 0 for 1 ≤ i ≤ n. We will show that an L-product structure is unique up to commensurability. We obtain the following uniqueness result for L-products:
Proof. In the special case of an L 0 -product structure, that is where Λ ab = Ω ab = 0, the result is proved in [12] (Proposition 6.2).
In the general case, suppose that
, and Λ s ∼ Ω s ; the result now follows from the special case considered above.
Z-free algebras
If R is a ring (associative with identity), we denote by U (R) the group of units of R, U (R) = {x ∈ R : xy = yx = 1 for some y ∈ R}.
Observe that U commutes with direct products,
For any ring B, we denote by GL Z (B) the group of automorphisms of the additive group of B. There is a faithful representation λ : U (B) → GL Z (B) ; u → λ u where λ u (x) = ux. By a Z-free algebra we mean an algebra over Z whose underlying additive group is Z-free of finite rank. If A is a finite dimensional Q-algebra, then by a Z-order in A we mean a subring B of A with the property that B is a free Z-algebra which spans A over Q. 
However, Stab(B 2 ) is the kernel of the natural map
Corollary 2.2. Let A = A 1 ⊕ · · · ⊕ A q be a decomposition as a direct sum of two sided ideals of the finite dimensional Q-algebra A. Let B be a Z-order in A, and for each i, let B i be a Z-order in
2). The result now follows, since
If A is a finite dimensional semisimple Q-algebra, then A ⊗ Q C is a product of matrix algebras over C, whereby U (A) acquires the structure of a linear algebraic group. Moreover, if B is a Z-order in A, then U (B) is precisely the stability group of the lattice B under the action of U (A) by left multiplication on A; that is: Proposition 2.3. Let A be a finite dimensional semisimple Q-algebra, and let B be a Z-order in A; then U (B) is an arithmetic subgroup of U (A).
For any finite group G, Z[G] is a Z-order in the semisimple Q-algebra Q[G];
the following consequence of (2.3) is presumably well known, but difficult to find a reference for:
Let A be a finite dimensional simple Q-algebra with centre E.
, Chapter I) both the centre Z and the commutator subgroup SL 1 (A) = [U (A), U(A)] are normal algebraic subgroups of U (A) defined over E. Moreover, the intersection Φ = SL 1 (A) ∩ Z is a finite group, isomorphic to the (finite) group of d th -roots of unity. Thus U (A) is an almost direct product over E
Let Γ be an arithmetic subgroup of U (A); we may suppose without loss of generality that Γ is torsion free, so that Γ ∩ SL 1 (A) ∩ Z is trivial. Let π 1 , π 2 denote the projections to P SL 1 (A) and Z/Φ respectively. Both π 1 , π 2 are surjective algebraic homomorphisms defined over E, so that Γ s = π 1 (Γ) is an arithmetic subgroup of P SL 1 Borel and Serre [8] prove that if Γ is a torsion free arithmetic subgroup of the reductive Q-group H, then Γ is a duality group, and its cohomological dimension is given by
where rk Q (H) is the rank of a maximal Q-split torus in H and gd(H) is the geometric dimension of H; that is, the dimension of the associated symmetric space 
Positive semisimple algebras
We review Albert's classification [1] of simple Q-algebras which admit a positive involution. Thus let K be a subfield of R, and let A be a finite dimensional semisimple K-algebra; by an algebra involution τ on A, we mean an isomorphism of A with its opposite algebra such that τ 2 = 1 A ; τ is said to be positive when Tr K (xτ (x)) > 0 for all nonzero x ∈ A, where 'Tr K ' denotes 'reduced trace'. If A is expressed as a sum of simple ideals, A = A 1 ⊕ A 2 ⊕ · · · ⊕ A n , then from the uniqueness of the Wedderburn decomposition, an algebra involution τ induces an involution τ * on the index set {1, 2, . . . , n} by the condition that τ (A i ) = A τ * (i) . If τ * (i) = i, it is immediate that, for any x ∈ A i , xτ (x) = 0. Hence the positivity condition forces τ * = Id; that is: Proposition 3.1. Let τ be a positive involution on finite dimensional semisimple K-algebra A; then there is an isomorphism of involuted K-algebras 
where each D i is a finite dimensional division algebra over K, and τ i is positive.
When K = Q, the class of positively involuted division algebras has been determined by Albert [1] , [19] . To recall his results we first fix the following notation:
R will denote a commutative ring; n an integer ≥ 2; s : R → R is a ring automorphism satisfying s n = Id; a will denote a nonzero element of R with the property that s(a) = a. With this notation, the cyclic algebra C n (R, s, a) is the two sided free R-module of rank n, with basis ([X r ]) 0≤r≤n−1 , subject to the relations
C n (R, s, a) is an algebra over the fixed point ring E = {x ∈ R : s(x) = x} with multiplication determined by
We note that when R = K is a field and s has order n (rather than merely satisfying s n = Id) then the fixed point field s K = E is actually the centre of C n (K, s, a). This construction is natural with respect to direct products; that is, we have.
A quaternion algebra a,b E admits two essentially distinct involutions, namely conjugation c, and reversion r, defined thus
Albert showed that a positively involuted division algebra (D, τ ), of finite dimension over Q, falls into one of four classes; here E and K are algebraic number fields.
I: D = E is totally real and τ = 1 E ;
E , where E is totally real, a is totally positive, b is totally negative, and τ is reversion;
E , where E is a totally real, a and b are both totally negative, and τ is conjugation; (K, s, a) , where s is an automorphism of K, of order m, whose fixed point field E is an imaginary quadratic extension, E = E 0 ( √ b), of a totally real field E 0 , and a ∈ E. Moreover, if L is a maximal totally real subfield of K, there exists a totally positive element d ∈ L such that N E/E0 (a) = N L/E0 (d).
The possible simple summands which can occur in the Wedderburn decomposition of a finite group are restricted to these four types. Not all such simple algebras occur in this way, however, and there is an extensive literature on the problem of determining which algebras do in fact occur ('the Schur subgroup problem'). Nevertheless, all types of algebra occur. Algebras of Type I, that is matrix algebras M n (E) over a totally real field E, occur in the rational Wedderburn decomposition of dihedral groups D 2n . Fields [9] has shown that for any rational quaternion divi-
there exists a finite group G such that some matrix algebra M n (D) occurs as a simple summand in Q[G]. This takes care of Types II and III. Finally, algebras of Type IV already occur in the Wedderburn decompositions of cyclic groups, although these are rather trivial, being simply cyclotomic fields. Less trivially, Amitsur [2] showed that non-commutative division algebras of Type IV occur as summands for certain metacyclic groups.
In §4, we will apply Mostow Rigidity [14] to the irreducible semisimple lattices obtained from the group of units of an integral group ring. In this section, however, we study the noncommutative simple algebras (types LDI, LDII, LDIII below) whose associated irreducible lattices are nonrigid.
LDI: M 2 (Q);
LDII:
a,b Q , where a > 0, b < 0, and the form ax E , where E is a totally real number field, and a and b are both totally negative.
Proposition 3.4. Let A be a finite dimensional simple Q-algebra admitting a positive involution; then
Disregarding compact factors (which in our context occur only in the degenerate class LDIII), the only irreducible semisimple lattices which fail to be Mostow rigid are those in SL 2 (R) or P SL 2 (R). In fact, we need only consider nonrigid lattices Γ in P SL 2 (R), since up to commensurability, we may replace a lattice in SL 2 (R) by a torsion free lattice in P SL 2 (R). When P SL 2 (R)/Γ is noncompact, Γ is a free group of finite rank; when it is compact, Γ is a Surface group; that is, the fundamental group of an orientable surface of genus g ≥ 2, with a presentation of the form 
The Rigidity Theorem
Let A be a finite dimensional simple Q-algebra. We say that A is small if either A is commutative or a simple algebra of Type LD according to the definition of §3. Otherwise, A is said to be big. Any finite dimensional semisimple Q-algebra A is naturally a sum A ∼ = A small ⊕ A big where A small (resp. A big ) is the sum of all the small (resp. big) summands. Let E be a finite algebraic extension of Q, and let A be a central simple E algebra with dim E (A) = n 2 ; the centre ZU (A) of U (A) is isomorphic to E * . Moreover, U (A) = GL 1 (A) is an E-form of GL n , and the projective unit group P U(A) = U (A)/ZU (A) is an E-form of P GL n . Let M n denote the algebra valued functor F → M n (F). P GL n acts as the automorphism group of M n under the action
We observe that the group isomorphism θ : GL n → GL n , defined by
descends to an automorphism, denoted by the same symbol, θ : P GL n → P GL n . However, for n ≥ 2 the Dynkin diagram of P GL n admits a single nontrivial symmetry, of order 2; that is, Out(P GL n ) ∼ = C 2 , the generator being represented by θ. Thus Aut(P GL n ) is a semidirect product
Fix an algebraic number field E, and let Γ = Gal(Q/E). It is a standard result of Galois cohomology, essentially the Skolem-Noether Theorem, that central simple E-algebras of dimension n 2 , that is, E-forms of M n , are in 1-1 correspondence with elements of
It follows that under the above correspondence, if the 1-cocycle (a γ ) γ∈Γ represents the algebra A, then the opposite algebra A opp is represented by the 1-cocycle (θ(a γ )) γ∈Γ .
If A is a central simple E-algebra, then E is the field of definition of P U(A), which is an E-form of P GL n . E -forms of P GL n are in 1-1 correspondence with elements of H 1 (Γ, Aut(P GL n )) = H 1 (Γ, P GL n × θ C 2 ); moreover, the mapping A → P U(A) is modelled by the mapping
induced by the inclusion i : P GL n → P GL n × θ C 2 of coefficients. Let A, B be central simple E-algebras represented in H 1 (Γ, P GL n ) respectively by 1-cocycles a = (a γ ) γ∈Γ , b = (b γ ) γ∈Γ , and suppose that P U(A) ∼ = P U(B). This means that a, b become cohomologous in
In the first case,
and a, b are already cohomologous in Z 1 (Γ, P GL n ); that is B ∼ = A. In the second case,
where e = θ(d), so that B ∼ = A opp . Thus we have shown
We first treat rigidity in the case of a single simple factor:
Theorem 4.2. Let A, A be finite dimensional simple Q-algebras which are big in the above sense, and let
Proof. Put G = P U(A) R,0 and G = P U(A ) R,0 . By descending to subgroups of finite index, and projecting from SL 1 to P U, we may, without loss of generality, suppose that Γ, Γ are both torsion free, and that Γ ⊂ G and Γ ⊂ G . By hypothesis, Γ ∼ Γ , so there exists a group ∆ together with injective homomorphisms i : ∆ → Γ, j : ∆ → Γ such that Im(i) has finite index in Γ, and Im(j) has finite index in Γ . By Mostow's Rigidity Theorem [14] , [15] , there exists an isomorphism α : G → G such that α•j = i. In the notation of [11] , (P U(A), Id) and (P U(A ), α) are arithmetic structures for the inclusion i : ∆ → G. It follows, by the Uniqueness Theorem of [11] , that P U(A) ∼ = P U(A ). The conclusion follows by (4.1).
If G is a finite group which has ν simple summands in the Wedderburn decomposition of Q[G], we denote by ν 1 the number of big simple summands in the Wedderburn decomposition of Q[G], whilst ν 2 (resp. ν 3 ) will denote the total number of simple summands which are either of type LDI or LDII (resp. which are either commutative or of type LDIII). Moreover, if
into its simple summands (so that ν = ν 1 + ν 2 + ν 3 ), we agree to arrange the summands so that A i is big for 1 ≤ i ≤ ν 1 , of Type LDI or LDII for ν 1 + 1 ≤ i ≤ ν 1 + ν 2 , and commutative or of Type LDIII otherwise. We describe such an ordering as nice.
Choosing a nice ordering of the summands, let Λ i ⊂ SL 1 (A i ) be a torsion free lattice for 1 ≤ i ≤ ν 1 + ν 2 ; for some finitely generated free abelian group Λ ab ,
be a nice ordering of the summands for a finite group G , and let
By Theorem IV, µ 1 + µ 2 = ν 1 +ν 2 , and for some permutation σ, Ω σ(i) ∼ Λ i . Since we chose a nice arrangement for the summands, in the L-product decomposition
Λ i is either a free group or a Surface group if and only if
Likewise, Ω j is either a free group or a Surface group if and only if µ 1 + 1 ≤ j ≤ µ 1 + µ 2 . Now a finitely generated torsion free group is commensurable with a free group if and only if it is itself free [20] ; likewise, an orientable Poincaré Duality group is commensurable with a Surface group if and only if it is itself a Surface group [13] . It follows that µ 2 = ν 2 and hence µ 1 = ν 1 . We may now, without loss, arrange the indices so that 
and we have shown
For any finite group G, there is at least one small factor in Q[G], namely the copy of Q corresponding to the trivial representation. If G 1 , G 2 are finite groups in which this trivial factor is the only small factor, then clearly 
The hypothesis of Corollary II is reasonably easy to satisfy; for example, a product of nonabelian simple groups has no nontrivial small factors in its rational Wedderburn decomposition.
Units of dihedral and generalised quaternion groups
For any integer n ≥ 3, the generalised quaternion group Q 4n is defined by the presentation
whilst we take the dihedral group D 2n in the presentation
There is a nontrivial central extension 
Proof. Let z denote the central element z = a m = b 2 ∈ Q 4m , and let
denote the translation map θ(v) = zv. Then θ 2 = Id, so that we have a decomposition
as a direct sum of two sided ideals, where J + , J − denote respectively the +1 and −1 eigenspaces of θ. In fact, J + is spanned over Q by elements of the form a r b s ( 1+z 2 ) where 0 ≤ r ≤ n−1, 0 ≤ s ≤ 1, from which it is easy to see that the homomorphism ψ n induces an algebra isomorphism ψ n :
To complete the proof, it suffices to show that J − ∼ = C 2 (Q n , σ n , −1). In fact, J − is spanned over Q by elements of the form a r b s ( 
Q(µ d ) .
For d ≥ 3, the rational division algebra
has the property that
−4s(d)
2 , −1
.
As 
